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Abstract. Expressions are found for the coefficients in the relations which exhibit spheroidal
harmonics as linear combinations of spherical harmonics and vice versa. In particular it is
shown that in the case of prolate spheroidal harmonics the non-vanishing coefficients kpan
in the relation

PY(w)PY(v) =Y. kpanr'P(cos 6)
[

are given by
N 1E2 7R T L+ MWL + 1)
MU M+ MYGL + 3L -3y

where =L, L-2,L—4,..., M with M'=M or M+1 according as L ~ M is even or odd,
respectively.

1. Introduction

In certain physical applications, for instance the problem of magnetic shielding outside
molecules having approximately spheroidal shape (Stiles 1975), one needs to know the
coefficients of expansion kpag of spheroidal harmonics as linear combinations of
spherical harmonics:

PYw)PY(v)= Z, kiaar'PY(cos 6), (1.1)

prolate spheroidal harmonics being contemplated for the time being. In (1.1) P}(x),
x?<1, is the associated Legendre function

L+M

P =52 (1~ S -1, (1.2)

1
2L

whilst, for x?=1, the function P¥(x) is given by the right-hand member of (1.2)
provided the initial factor on the right be replaced by (x*— ™2 u, v, ¢ are prolate
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spheroidal coordinates and r, 6, ¢ spherical polar coordinates so that, if x, y, z are
Cartesian coordinates,

x=a(u?=-1)"*(1-v%)"?cos ¢ =rsin 6 cos ¢
y =a(u*-1)"*(1~v*)"?sin ¢ =rsin 0 sin ¢ (1.3)
Z=auv =rcos 6.

2a is the distance between the foci of the spheroidal coordinate surfaces 4 = constant,
their eccentricity being u ', The angle ¢ does not occur in (1.1) since it enters into both
kinds of harmonics through the same factor exp(iM¢) which has been removed.

Although the problem of expanding spheroidal in terms of spherical harmonics
forms part of a more general investigation by Boyer et al (1976) we have been unable to
locate a simple explicit expression for the required coefficients krag in the literature. It
is therefore obtained by elementary means in § 2, as is, in § 3, an expression for the
coeflicients x;ag Which occur in the relation inverse to (1.1). The modifications which
arise when the spheroidal harmonics are oblate are dealt with in § 4.

2. The coefficients kran

If
L+M
M, -M-2n
pL(x)=2LL! de+M(x2—1)L=;pLMnxL M-2 ’ (21)

say, (1.1) may be written in the form

pr(u)PH(v) =Z{ kpaa(u?=1)"r! sin™ 6 p}(cos )

= 21: krana™r ™1 - 0™ 2pM(cos 8). (2.2)
Now set u =1 and write p}(1)=prar. Then (2.2) becomes
PLmpr(v)= ZI kiana'piw' ™ 2.3)

Comparison of (2.3) with (2.1) now yields, with n =1L -3},

kpag =

a—IPLA'prMn/ Dim when L — [ is even
2.4)

when L —/ is odd.

A well known representation (Gradshteyn and Ryzhik 1965, p 1015) of P}(x) as a
(hypergeometric) series in ascending powers of 1(1 - x) shows that

2L+ M) )
Dim ——__-M!(L—M)! (2.5)
and from (2.1), virtually by inspection,

(-0 27F@L-2n)!
AL~ )L~ M—2n)" (2.6)

Dimn =
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Using (2.5) and (2.6) in (2.4) it finally follows that the non-vanishing coefficients kzan
are given by
(= DE 22720~ HL + MWL + 1)
ks = 17 LIl —Lipp
(L =M +M)GL +31)\GL —3])!

2.7

where =L, L—2, L—4,..., M with M=M when L-M is even and M' =M +1
when L — M is odd.
3. The coeflicients x;an

Let
r-P¥(cos 6) = zl‘ kP M (w)PM(v) (3.1)
be the relation inverse to (1.1). Proceeding as in § 2, this may be written in the form
a™t ™1 —vZ)M/Zp,f'(cos 9) =; K,_Mlp,M(u)P,M(v). (3.2)

As before, set u =1, so that (3.2) becomes
aprat M1 -0 =; keamPrmPr (V). (3.3)

Multiply throughout by P}(v) and integrate from —1 to 1. On the left one has the
integral

1
[ om M- e) do = itan (3.4)
-1

say, while on the right on account of the orthogonality of the Legendre functions

1
[ PrwPtw) dv = cusir, (3.5)
-1
say. Therefore
Kian = @ DLaizan/ CoaDinr. (3.6)

Now the integrand on the left of (3.4) is an odd function of v when L —{ is odd so that
iraq then vanishes. When L —/ is even one has (Gradshteyn and Ryzhik 1965, p 799)

2" ML - M)IGL +3D)
MM + 1+ O)WEL -3 (3.7)

where the duplication formula for the factorial function has been used to cast the result

given in the preceding reference into a more convenient form. Also (Gradshteyn and
Ryzhik 1965, p 794)

M) ,
‘M =T ha-Mr 3.8)
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and upon using (2.5), (3.7) and (3.8) in (3.6) there emerges the result
_2'aR 21+ 1)L + M = M)IGL +31)!
KM =T T DI+ MY GL -3
for the non-vanishing coefficients, the relevant values of / being again as given after

(2.7). Itis not difficult to verify directly that the matrices whose elements are, for any
given value of M, kraq and kzan respectively are inverse to each other.

(3.9)

4. The case of oblate spheroidal harmonics

The relation of oblate spheroidal coordinates to spherical polar coordinates is given by
(1.3) after the factors (x> — 1)"/? which appear in them have been replaced by (u*+1)"/2,
In place of (1.1) one now has to consider the relation

BYiu)PY(v)= ZI Koanr'PM(cos 6). 4.1)

To avoid possible difficulties with phase factors it is wise to write
PYGiu)=iM(u®+ 1) p1(iu). 4.2)

One may now proceed much as before except that it is appropriate this time to assign the
special value unity to v rather than to u. It is not worth spelling out the details of the
work which leads to the result

kian=1i'kiaa. (4.3)
Finally, as regards the coefficients K1z in the relation inverse to (4.1) (cf equation (3.1))

IELM'[ = i_LKLm. (44)
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